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Abstract 

i . 

A general description of string excitations in stationary spacetimes 
\q • is developed. If a stationary string passes through the ergosphere of 

■ a 4-dimensional black hole, its world-sheet describes a 2-dimensional 

black (or white) hole with horizon coinciding with the static limit of 
' the 4-dimensional black hole. Mathematical results for 2-dimensional 

black holes can therefore be applied to physical objects (say) cosmic 
strings in the vicinity of Kerr black holes. An immediate general 
result is that the string modes are thermally excited. The string exci- 
tations are determined by a coupled system of scalar field equations in 
r £^ . the world-sheet metric. In the special case of excitations propagating 

along a stationary string in the equatorial plane of the Kerr-Newman 
black hole, they reduce to the s-wave scalar field equations in the 
4-dimensional Reissner-Nordstrdm black hole. We briefly discuss pos- 



X 

sible applications of our results to the black hole information puzzle. 

The interaction of strings and black holes is an interesting subject and many 
publications appeared recently, which discuss different aspects of this prob- 
lem. The aim of this paper is to attract the attention to the remarkable 
fact, that the study of propagation of perturbations along a stationary string 
located in the gravitational field of a stationary 4-dimensional black hole, is 
directly related with physics of 2-dimensional black holes. If one neglects 
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the gravitational effects of a string and assumes that its thickness is zero, 
then a string configuration in a given gravitational field is a minimal surface, 
and its equations of motion can be obtained by variation of the Goto-Nambu 
action. An important case is when both the gravitational field and a string 
configuration are stationary. This case corresponds to a physical situation of 
a string which is in equilibrium in the gravitational field. Geometrically the 
equilibrium configuration is characterized by the property that the stationary 
Killing vector £ is tangent everywhere to the string surface E. The problem 
of finding the equilibrium string configurations in a stationary spacetime can 
be reduced to the problem of solving geodesic equations in a 3-dimensional 
unphysical space [|TJ. The remarkable property of the gravitational field of a 
stationary black hole is that these geodesic equations can be solved in quadra- 
tures 0, |3[]. Consider a 2-dimensional time-like world-sheet E of the string 
defined by the equations x M = x M (C A ) (x^ (// = 0, ...,4) denote spacetime 
coordinates and ( A (A = 0, 1) are the coordinates on the world-sheet). The 
metric Gab induced on E reads: 

Gab — a x ^b- (1) 

where g^ u is the spacetime metric. Consider a stationary spacetime and 
let £ M be the corresponding 4-dimensional Killing vector. We call a string 
stationary if £ M is tangent to its world sheet E. Denote by r\ A a 2-dimensional 
vector r/ A = G x^^. It is easy to show that: 

e = v A x% (2) 

Va\b = ^a x "b£w, ( 3 ) 

where semicolon and vertical line denote covariant derivatives with respect 
to 4 and 2-dimensional metrics, respectively. The last relation implies that 
r] is a Killing vector for the induced metric Gab- Denote: 

F = -g^eC = ~GabV A V B - (4) 

Then the induced line-element dl 2 = GABd( A d( B on E can be written as: 

dl 2 = -Fdf 2 + F^da 2 , (5) 

where f = f(( A ), a = er(C A )- This representation is valid in the regions 
where F^O, and hence £ is either time-like or space-like. We assume that the 
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4-dimensional spacetime is asymptotically flat and contains a black hole. We 
assume also that a = oo corresponds to the points of the string located in the 
asymptotically flat region of the physical spacetime, so that F(a = oo) = 1. 
The metric, Eq.(5), describes a 2-dimensional black hole if F — at finite 
value of a. At this point the Killing 2-vector 77 is null. It happens at the 
points where the string world-sheet crosses the infinite-red-shift surface (the 
static limit), i.e. the surface where £ 2 = 0. For a static black hole this 
surface coincides with the event horizon. For stationary (rotating) black 
holes it is lying outside the horizon. The region located between infinite- 
red-shift surface and the event horizon of a stationary black hole is known 
as the ergosphere. Points of the string located inside the ergosphere thus 
correspond to the interior of the 2-dimensional black hole. 

The main observation we would like to make now is that perturbations 
propagating along the string can be described by a coupled system of a pair of 
scalar field equations in the 2-dimensional metric Gab H] • For this reason, if 
a stationary string is passing through the ergosphere of a 4-dimensional black 
hole, the physics of string excitations is effectively reduced to the physics of 
2-dimensional black holes. 

We shall first derive the differential equations describing the perturbations 
propagating along a stationary string configuration embedded in an arbitrary 
stationary 4-dimensional spacetime. We then consider, as a special example, 
stationary strings in the background of a Kerr-Newman black hole. 

To be more specific, we write the metric of a generic 4-dimensional stationary 
spacetime in the form: 



where d t F = 0, d t Ai = 0, d t Hij = 0. That is to say, the Killing vector is 
given explicitly by: 



consistent with the notation of Eq.(4). A stationary string configuration is 
parametrized in the following way: 





e = (1, 0, 0, 0) 



F, —FAi), 



(7) 



t = x° = t, x 1 = x l (o) ; 



(r ee C°, ° = C 1 )- 



(8) 
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Then the equations of motion corresponding to the Goto-Nambu action re- 
duce to 0: 

x l " + V) k x j 'x k ' = 0, HijxV = 1, (9) 

where T l j k is the Christoffel connection for the metric and a prime denotes 
differentiation with respect to a. The induced metric on the world-sheet now 
takes the form: 

/ —p —FA \ 
Gab = f _ FA _ FA 2 + l/p J 5 A = W, (10) 

so that det G — — 1. The following coordinate transformation on the world- 
sheet: 

f = r+ I Ada, a = a, (11) 
brings the induced line element into the form of Eq.(5), that is: 

d "=(~<f i/°f)- < 12 > 

A covariant approach describing the propagation of perturbations along 
an arbitrary string configuration embedded in an arbitrary spacetime, was 
developed by the present authors in Ref. j| (see also H |J). The general 
transverse (physical) perturbation around a background Goto-Nambu string 
configuration is written as: 

<fcr" = $*n£, (#=2,3), (13) 

where the two vectors n R , normal to the string world-sheet, fulfill: 

g^n R n s = 5 RS , g^A n R = °> ( 14 ) 

as well as the completeness relation: 

g"" = G AB x^ B + 5 RS n R n s . (15) 

It can be shown [|J that the perturbations <& R are determined by the following 
effective action: 

S eS. = J d'C^G $ R [G AB {5 T R V A + fi R t a )(5 ts V b + fi TSB ) + V RS } $ 5 , 

(16) 
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where Vrs — V(rs) are scalar potentials and /Irs A — H[rs] A ar e vector 
potentials on £, determined by its embedding into the 4-dimensional space- 
time, and Va is the covariant derivative with respect to the metric Gab- The 
vector potentials Ursa coincide with the normal fundamental form: 

Has a = g pv n R x p A V p n S) (17) 

where V p is the covariant derivative with respect to the metric g pv . The 
scalar potentials Vrs are defined as: 

V RS = {Irab^s ab - G AB x» A x» B R^ v n p R n% (18) 

where Qrab is the second fundamental form: 

^rab = 9^n R x p A V p x v B , (19) 

and R^pav is the Riemann tensor corresponding to the metric g^ v . The equa- 
tion describing the propagation of perturbations along the string world-sheet 
is: 

{G AB {5 T R V A + ^r T a)(5tsV b + ^tsb) + V RS } $ 5 = 0. (20) 

We obtain now explicit expressions for vector ji R s A and scalar Vrs po- 
tentials which enter the propagation equations for a stationary string obeying 
Eqs.(9), in the background (6). Using Eqs.(14), the normal vectors n R take 
the form: 

n R = (-An R , n R ), n, R = (0, F^H^) ee (0, n iR ). (21) 

It is convenient to introduce also 3-dimensional vectors 

n R = |F]- V V R , (22) 

which together with x 1 ' form an orthonormal system (x 1 ', h l 2 , n l 3 ) in the 3- 
dimensional space with metric Hy. We note that there is an ambiguity 
n l R — » h R + 5{n R ) in the choice of pair of normal vectors n l R : 

5{n R ) = A R s h s ■ K RS (Q = -A#r(Q. (23) 

Under these 'gauge' transformations, which leave invariant the perturbations 
(13) and the effective action (16), the quantities $ 5 , /irsa, and Vrs are 



5 



transformed as follows: 



5($ R ) = A R 5 $ s , 
${VRSa) = A/j T fi T S A ~ A 5 T fi T RA ~ ^rs,a, (24) 

6{Vrs) = Ar t V ts + A 5 t Vrt- 

We fix the freedom of 'gauge' by choosing the vectors n R to be covariantly 
constant in the 3-dimensional space ||. After straightforward but tedious 
calculations we get: 

»RS A = V A 4f ^44 = V A 44, (25) 

V RS = -x i 'x j 'R iklj n k R n l s + ^xV'(V,V )F) 

- 6 -f§ x i V'(V i F)(V J F) + ^5 TU A a A kj v\jn^n R n l s . (26) 

Here the "field-strength" A^ is defined by: 

A{j = Aij Aj t i = V jA{ W%Aj } (27) 

where Vj is the covariant derivative with respect to the metric and Rikij 
is the Riemann tensor corresponding to the metric H^. It is easy to verify 
that for our choice of 'gauge' the vector potentials [Irs A obey the analog of 
the Lorentz gauge conditions V a^rs A = 0. The anti-symmetric products of 
normal vectors, appearing in the scalar and vector potentials, Eqs.(25)-(26), 
can be eliminated using the identity: 

e RS h R h 3 s = e ijk H H x 1 '; e ljk = {Hy l/2 t ijk . (28) 

In particular we have: 

x i 'x^'R iklj n R n l s = F5 RS (^R - %xV) - R tJ n R 4, (29) 
^5 TU A u A kj nljn^n k R n l s = ^-S RS (A ik Aj W - \a %] A^). (30) 
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By using the equations (29)-(30) we get: 



p 

^rs A = ^ R sV A ; H = -Ai^Hux 1 ', (31) 



V RS = Sms^-^jF) - ^^V'(V i F)(V j F) - F{ l -R - ^iV) 

+ ^SnsiAkAj W - \A l3 A^)\ + n.jn't.ni. (32) 

As a special application of the above formalism, we now consider per- 
turbations propagating along a stationary string in the Kerr-Newman black 
hole background. The Kerr-Newman metric in Boyer-Lindquist coordinates 
[0] reads: 

ds 2 = -^[dt -a sin 2 9d<P} 2 + ^^[{r 2 + a 2 )d(P-adt} 2 + Cdr 2 + p 2 d9 2 , (33) 
p 2 p 2 A 

where A = r 2 — 2Mr + Q 2 + a 2 and p 2 = r 2 + a 2 cos 2 This metric is of the 
form (6) with: 

A — n 2 sin 2 9 

H rr = , = A-a 2 sin 2 #, H^ = Asm 2 6, (34) 

A - a 2 sin 2 9 . 2q 2Mr - Q 2 

F = 2 t 2 2^' A^ = asm8- , 2 35 

+ or cos z y A — er sin 

The unperturbed stationary string configurations are obtained by solving 
Eqs.(9), i: 

ITJ >\ 2 021)2 ^ _L1 

(H rr r ) = — - - + 1, 

{HeeO'f = q 2 - - a 2 sin 2 9 = q 2 - U(9), (36) 

Sill U 

i\2 _ l2 



(#^0') = 6 



where 6 and q are integration constants. Equations (|36| ) are evidently invari- 
ant with respect to the reflection — ► —0. It means that if (r(cr), 0(cr), 0(c)) 
is a solution of Eqs.(p6|) then (r(a), 9(a), —0(a)) is also a solution. 
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We consider at first the case when a stationary string is located in the 
equatorial plane 9 = tt/2, corresponding to \b\ > \a\ and q 2 = a 2 + b 2 . In that 
case, the two covariantly constant normal vectors h R , introduced in Eq.(22), 
are given by: 

h\ = h\ = 1 (0, 1, 0), (37) 

\r 2 -2Mr + Q 2 \ 



h\ = hi = 1 (-6, 0, H rr r). (38) 

\r 2 -2Mr + Q 2 \ 



It is now straightforward to compute the vector and scalar potentials given 
by Eqs.(31),(32): 

li = 0, (39) 

2(M 2 -Q 2 )(a 2 -b 2 ) 
V±± — V\\ II + - 



2\2 



r 2 (A — a 

M 2 -Q 2 2(a 2 -b 2 ) (r - M)(b 2 - a 2 ) r M Q 
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r 2 (A — a 2 ) A — a 2 (A — a 2 ) 2 r 2 r 

A-6 2 . 2M 3Q 2 3M 2 6MQ 2 2Q 4 n 

" +—9. ZT- + -^]- ( 4 °) 



^ ^2^2 iy ^2 ^2 ^3 

In the generic case, |6| > |o|, the stationary configuration in the equatorial 
plane describes an infinitely long open string with two "arms" in the asymp- 
totically flat regions and a turning point outside the ergosphere Jl|. The 
perturbation equations (20) with the potentials (39), (40) then determine the 
reflection and transmission of waves ('phonons') travelling along the string 
between the asymptotically flat regions [[l], ||. However, in the special case 
\b\ = \a\, the string passes the static limit and spirals inside the ergosphere 
towards the horizon. This is the case we are interested in, c.f. the discussion 
after Eq.(5). Notice that the potential (40), in general being divergent at 
the static limit (A = a 2 ), is finite for \b\ = \a\, i.e. the divergences precisely 
cancel out in the particular case where the string actually crosses the static 
limit. 

Let us now consider the case \b\ = \a\ in more detail. We use the notations 
£± for a pair of string configurations connected by the reflection transfor- 
mation, — > —(f), discussed after Eq.(36). In order to make this prescription 
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unique we choose dr/dcf) > for E + and dr/dcf) < for £_. Then we find 
from Eq.(ll): 

2 r 2Mr - Q 2 , 
r = t±a j A(A _ fl2) dr, (41) 

where the signs ± correspond to the string configuration E±. For both con- 
figurations £± : 

F=l-™ + * (42, 

thus the world-sheet line element (5) takes the form of a 2-dimensional 
Reissner-Nordstrom black hole. The parameters of mass M and charge Q of 
this 2-dimensional black hole are the same as the corresponding parameters 
of the original 4-dimensional Kerr-Newman metric. The world-sheet spatial 
coordinate a equals the Boyer-Lindquist radial coordinate r, while the world- 
sheet time f approaches the Boyer-Lindquist time t in the asymptotically flat 
region, r — > oo. The coordinates (f, r) cover only the exterior region of the 
string hole. One can easily obtain the string metric valid in a wider region. 
For this purpose it is convenient to introduce the Eddington-Finkelstein co- 
ordinates (u±,(p±) : 

dt = du± ± A _1 (r 2 + a 2 )dr, d<p = dtp± ± A^adr, (43) 



and to rewrite the Boyer-Lindquist metric (|33D as [11 



ds 2 = — ~[du± — a sin 2 8d(f±} 2 + S " \{r 2 + a 2 )d(p± — adu±] 2 
p 2 p 2 

+ p 2 d6 2 t 2dr [du± - a sin 2 6d(p±] . (44) 

In these coordinates, the strings £± are described by equations 9 = 7r/2, 
if± = const., so that the induced metric on E± is: 

ds 2 = -Fdu± =F 2drdu±. (45) 

This metric for E + describes a black hole, while for £_ it describes a white 
hole. In both cases the perturbation equations (20) on E ± reduce to: 

□ $« = R = ± II (46) 

r 
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where □ is the d'Alambertian on the world-sheet, □ = G V^Vb- We also 
have Or = F jT .. 

Several interesting remarks are now in order. First notice that the per- 
turbation equations for the two transverse polarizations $ R are decoupled 
and identical. Secondly, Eq.(46) is precisely the s-wave scalar field equation 
in the 4- dimensional Reissner-Nordstrom black hole background: 

□ < 4 )0 = 0, g$ = diag(-F, 1/F, r 2 , r 2 sin 2 #), (47) 

with F given by Eq.(42). The decomposition cf) = Y^r~ 1 &i(r,t) Yi m (9,4>) 
yields: 

- jd 2 ^ + d r (Fd r ^) = ^ + (48) 

which is identical to equation (46) for / = 0, as is most easily seen by writing 
Eq.(46) in the (f , r) world-sheet coordinate system. (Equation (48) has been 
studied in detail in the literature, see for instance || and references given 
therein.) The string exitations for a stationary string passing through the 
ergosphere in the equatorial plane of a Kerr- Newman black hole are therefore 
described mathematically by the I = scalar waves in the background of a 
4-dimensional Reissner-Nordstrom black hole. 

The above results allow generalization to the case when a stationary string 
is located not in the equatorial plane but on the cone 9 = 9 ^ n/2. For this 
case the parameters which enter the equations (36) are related as q 2 = 2\ab\. 
The corresponding #0 is determined as the minimum of the potential U{9) 
and is, sin 2 #0 — \b/a\. This relation implies that |6| < \a\. The remarkable 
fact is that such a string allows a simple geometrical description. The Kerr- 
Newman metric possesses two principal null geodesic congruences, one of 
them is formed by incoming and the other by outgoing principal null rays 
[PH| . Take one of these null geodesies j± (— stands for an outgoing and + 
stands for an incoming ray). Consider two-dimensional surfaces £± formed 
by Killing trajectories passing through j±. It is possible to prove that E± is 
a minimal surface and it describes an "equilibrium" string configuration with 
the parameter q 2 = 2\ab\. Two string configurations E± differ by signs of r' in 
(36). The metric induced on both surfaces £± possesses the Killing horizon. 
In case of S + it describes a black hole, while in case of £_ it describes 
a white hole (for a white hole a future directed timelike curve crossing the 
Killing horizon enters the black hole exterior) . The above considered case of a 
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stationary string located on the equatorial plane and crossing the infinite-red- 
shift surface is a special example of stationary cone strings. The perturbation 
equations for cone strings will be considered somewhere else. 

To summarize, we have shown that the metric induced on a stationary 
string crossing the infinite-red-shift surface describes a two-dimensional ge- 
ometry of a black or white hole. It opens remarkable possibilities to apply 
results of mathematical study of two-dimensional black holes to physical ob- 
jects (cosmic strings in the vicinity of a black hole), which at least in principle 
allow experimental observations. In particular, in the presence of the hori- 
zon on £ + (for the two-dimensional string black hole) the conditions that the 
quantum state is regular near the horizon implies that the string perturba- 
tions $ R are to be thermally excited. It means that there will be a thermal 
flux of the string excitations ('phonons') propagating to infinity which forms 
the corresponding Hawking radiation. For a radial string crossing the event 



horizon of the Schwarzschild black hole this effect was considered in |TIJ. We 
would like to stress that the analogous radiation will also be present when 
a stationary string crosses the infinite-red-shift surface (which for a rotating 
black hole is located outside the horizon). String perturbations ('phonons') 
generated in the region lying inside the 2-horizon and propagating along 
the string S + cannot escape to infinity. But it is well known that the causal 
signals emitted in the ergosphere and propagating in the 4-dimensional space- 
time can reach a distant observer. One can use such signals ('photons') in 
order to get information from the interior of the two-dimensional string black 
hole. This situation is similar to one which happens in a 'dumb' hole con- 



sidered by Unruh ||12|| . In order to define a 'dumb' hole one uses the causal 
structure connected with the propagation of phonons. The photons propa- 
gating with supersonic velocity can escape a 'dumb' hole interior. The nice 
feature which differs our model is that it is constructed in the framework of 
completely relativistic theory. 

Possibility of getting information from a black hole interior was also 
discussed in ||13|| , where a gedanken experiment was proposed in which a 



traversable wormhole is used. The mechanism discusses in the present paper 
which makes it possible to extract information from the interior of string 
black holes is different. It is connected with the presence of extra-dimensions 
and does not require non-trivial topology. The possibility of the information 
extraction from the interior of a string black hole might give new insight 
to the problem of information loss in black holes. In particular the argu- 



11 



ments of Ref. being applied to string black holes indicate that black hole 
complementarity may be inconsistent, at least for these black hole models. 
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